On the composite of irreducible morphisms in almost sectional paths  by Chaio, Claudia et al.
Journal of Pure and Applied Algebra 212 (2008) 244–261
www.elsevier.com/locate/jpaa
On the composite of irreducible morphisms in almost sectional paths
Claudia Chaioa, Fla´vio U. Coelhob,∗, Sonia Trepodea
aDepto de Matema´tica, FCEyN, Universidad Nacional de Mar del Plata, 7600, Mar del Plata, Argentina
bDepartamento de Matema´tica-IME, Universidade de Sa˜o Paulo, CP 66281, Sa˜o Paulo, SP, 05315-970, Brazil
Received 27 July 2006; received in revised form 27 April 2007; accepted 4 May 2007
Available online 23 May 2007
Communicated by I. Reiten
Abstract
We study here when the composite of n irreducible morphisms in almost sectional paths is non-zero and lies inRn+1.
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Let A be an artin algebra. Using the so-called Auslander–Reiten theory, one can assign to A a quiver ΓA called
the Auslander–Reiten quiver of A which “represents” the indecomposable finitely generated A-modules together with
some morphisms between them called irreducible. Unfortunately, ΓA does not give all the information on the category
mod A of the finitely generated A-modules because not all morphisms can be reconstructed from the irreducible ones.
However, the (sum of) composites of irreducible morphisms can give important information on mod A.
A morphism f : X −→ Y is called irreducible provided it does not split and whenever f = gh, then either h
is a split monomorphism or g is a split epimorphism. It is not difficult to see that such an irreducible morphism f
belongs to the radical R(X, Y ) but not to its square R2(X, Y ). Consider a composite g = fn . . . f1: X0 −→ Xn
of n ≥ 2 irreducible morphisms f ′i s such that g 6= 0. It is not always true that g ∈ Rn(X0, Xn) \ Rn+1(X0, Xn)
(see, for instance, the example in [6]). This is true for instance if fn · · · f1 is a sectional path [10]. Also, in [11], Liu
has shown that for each pre-sectional path of length n, there are irreducible morphisms lying on it with composite
in Rn \ Rn+1. In [6], we looked at the situation of when the composite of two irreducible morphisms is non-zero
and lies in R3(mod A). Continuing our work, we will look here at the more general situation of the composite of n
irreducible morphisms. Some of the results here can be seen as a “natural” generalization of those in [6] but there are
some important differences as shown in Example (3.3). In a forthcoming paper [7], we shall apply the results here to
the study of the composite of three irreducible morphisms.
The main result proven here is the following. We say that a non-sectional path X1 → X2 → · · · → Xn → Xn+1
is a left almost sectional path provided X1 → X2 → · · · → Xn−1 → Xn is sectional.
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Theorem. Let A be an artin algebra and X1 → X2 → · · · → Xn → Xn+1 be a left almost sectional path in ΓA,
where n ≥ 2, X i not injective, α′(X i ) ≤ 2 for i = 1, . . . , n − 1 and Xn−1 not isomorphic to X i for i = 1, . . . , n − 3.
Then, the following conditions are equivalent:
(a) There are irreducible morphisms h1 : X1 → X2, . . . , hn : Xn → Xn+1 such that hn · · · h1 6= 0 and
hn · · · h1 ∈ Rn+1(X1, Xn+1).
(b) There exist a path X1
h1→ X2 f2→ X3 → · · · → Xn fn→ Xn+1 in ΓA with fn · · · f2h1 = 0, an indecomposable
module M 6' Xn and morphisms ϕ1 : X1 → M and ϕ2 : M → Xn+1 such that ϕ2ϕ1 6= 0, ϕ1 ∈ Rn(X1,M) and
ϕ2 ∈ R(M, Xn+1).
(c) There exist a path X1
h1→ X2 f2→ X3 → · · · → Xn fn→ Xn+1 in ΓA with fn · · · f2h1 = 0, an indecomposable
module M and morphisms ϕ1 : X1 → M and ϕ2 : M → Xn+1 such that ϕ2ϕ1 6= 0, ϕ1 ∈ Rn(X1,M) and
ϕ2 ∈ R(M, Xn+1).
(d) There exist a path X1
h1→ X2 f2→ X3 → · · · → Xn fn→ Xn+1 in ΓA with fn · · · f2h1 = 0 and a morphism
ϕn : Xn → Xn which is not an isomorphism such that fnϕn fn−1 . . . h1 6= 0.
The hypotheses of the above theorem hold naturally for the components of type ZA∞ or for stable tubes and this
allows us to give necessary and sufficient conditions for the existence of n irreducible morphisms between modules
lying in such components with composite non-zero and belonging toRn+1 (see Section 4.3). Observe also that a dual
result holds for right almost sectional paths. We shall refrain from stating the dual results here since they can be easily
obtained. The proof of the above theorem will be given in Section 2 while in Section 1 we establish some preliminary
results. Sections 3–5 are then devoted to some consequences.
1. Preliminaries
1.1
Throughout this paper, unless otherwise stated, all algebras are artin algebras over an artinian (commutative) ring
R. Also, k will denote a fixed algebraically closed field. We furthermore assume that all algebras are basic.
A quiver is given by two sets Q0 and Q1 together with two maps s, e: Q1 −→ Q0. The elements of Q0 are called
vertices while the elements of Q1 are called arrows. If A is a basic finite dimensional k-algebra, then there exists a
quiver QA, called the ordinary quiver of A, such that A is the quotient of the path algebra kQA by an admissible
ideal.
1.2
Let A be an algebra. We denote by mod A the category of all finitely generated left A-modules, and by ind A
the full subcategory of mod A consisting of one copy of each indecomposable A-module. Also, denote by ΓA its
Auslander–Reiten quiver, by τA the Auslander–Reiten translation DTr and by τ−1A its inverse. For X, Y ∈ mod A,
denote by RA(X, Y ) the set of the morphisms f : X −→ Y such that for each Z ∈ ind A and all morphisms
g: Z −→ X and h: Y −→ Z , the composite h f g is not an isomorphism. In the case where X, Y are indecomposable,
RA(X, Y ) is the set of the morphisms f : X −→ Y which are not isomorphisms. Denote byR∞A (X, Y ) the intersection
of all powers RiA(X, Y ), i ≥ 1, of RA(X, Y ).
1.3
Recall that a non-split short exact sequence 0 → X f−→ Y g−→ Z → 0 is an almost split sequence provided: (i)
X and Z are indecomposable; (ii) for each h:M −→ Z which is not a split epimorphism, there exists h′:M −→ Y
such that gh′ = h. Under the hypothesis (i), condition (ii) is equivalent to (ii′) for each h: X −→ M which is not a
split monomorphism, there exists h′: Y −→ M such that h′ f = h.
Let X be an indecomposable A-module. If X is not projective, denote by (X) the almost split sequence ending at
X and by α(X) the number of indecomposable summands of the middle term of (X). Dually, if X is not injective, we
shall denote by ′(X) the almost split sequence starting at X and by α′(X) the number of indecomposable summands
of the middle term of ′(X).
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1.4
A morphism f : X −→ Y , with X, Y ∈ mod A, is called irreducible provided it does not split and whenever
f = gh, then either h is a split monomorphism or g is a split epimorphism. Observe that a morphism f : X −→ Y ,
with X, Y ∈ ind A, is irreducible if and only if f ∈ R(X, Y ) \ R2(X, Y ) but, as mentioned in the introduction, a
composite of n irreducible morphisms does not always lie in Rn(X, Y ) \Rn+1(X, Y ). In the case where A is a finite
dimensional k-algebra, and given X, Y ∈ ind A, we will denote by Irrk(X, Y ) the k-vector spaceR(X, Y )/R2(X, Y ).
Paths in ΓA are paths of irreducible morphisms between indecomposable modules.
1.5
Lemma. Let A be an artin algebra and let ϕ be a morphism in Rn(X, Y ) \ Rn+1(X, Y ), where n ≥ 2 and
X, Y ∈ ind A. Then:
(a) There exists a path from X to Y in ΓA of length n whose compositionµ = un . . . u1 lies inRn(X, Y )\Rn+1(X, Y ).
(b) If µ = un . . . u1 : X  Y is a composite of morphisms as in (a), then uk+i . . . ui 6∈ Rk+2, for each
k = 1, . . . , n − 1 and 1 ≤ i ≤ n − k.
Proof. Since ϕ ∈ Rn(X, Y )\Rn+1(X, Y ), by [1], we have that ϕ = v+w where v is a non-zero sum of composites of
n irreducible morphisms between indecomposable modules and w ∈ Rn+1(X, Y ). Since ϕ 6∈ Rn+1(X, Y ), then there
exists a summand µ = un . . . u1 of v which does not lie in Rn+1(X, Y ), where u1, . . . , un are irreducible morphisms
between indecomposable modules. Hence, (a) holds. On the other hand, uk+i . . . ui 6∈ Rk+2, for each k = 1, . . . , n−1
and 1 ≤ i ≤ n − k, since otherwise, µ ∈ Rn+1(X, Y ), which finishes the proof of the lemma. 
1.6
The notion of bypass below generalizes the one given in [9].
Definition. Let f : X −→ Y be an irreducible morphism, where X and Y are indecomposable. A bypass of f is a path
X
t1−→ Y1 t2−→ Y2 −→ · · · −→ Yn tn+1−→ Y
in ind A, with n ≥ 1, where t1 and tn+1 are irreducible and X 6' Yn and Y 6' Y1. If all the morphisms ti are irreducible,
then we say that the bypass belongs to ΓA.
For unexplained notions on representation theory, we refer the reader to [1,2,13].
1.7
Let now f : X −→ Y be an irreducible morphism in mod A, and assume that X or Y is indecomposable.
Following [11], we say that the left degree of f is infinite if for each positive integer n, for each Z ∈ mod A
and each morphism g ∈ Rn(Z , X) \ Rn+1(Z , X), we have f g 6∈ Rn+2(Z , Y ). If this does not happen, we say that
the left degree of f is the smallest positive integer m such that there exists a morphism g ∈ Rm(Z , X) \Rm+1(Z , X),
for some Z ∈ mod A, such that f g ∈ Rm+2(Z , Y ). We denote the left degree of f by dl( f ). Dually, one can define
the right degree of f and we will denote it by dr ( f ). We refer the reader to [5,8,11] for a detailed account on these
degrees. We shall prove now some lemmas which will be helpful in our further considerations.
1.8
Lemma. Let A be an artin algebra and Zr → · · · → Z2 → Z1 be a sectional path. If there exists an irreducible
morphism f : Z → Z1 such that dl( f ) <∞ and Z 6' Z2, then Z1, . . . , Zr are not projectives.
Proof. Suppose that there exists an irreducible morphism f as in the statement. We shall prove the lemma by induction
on the length r of such a sectional path. Since dl( f ) < ∞ we infer, by [11] (Corollary on p. 34), that Z1 is not
projective. Let now M ∈ mod A be such that
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0 −→ τ Z1 (g
′,t ′,h)t−→ Z2 ⊕ M ⊕ Z (g,t, f )−→ Z1 −→ 0
is an almost split sequence. Hence, by [11] (Corollary on p. 34), dl(g′, t ′) < ∞. Moreover, dl(g′) < ∞ by [12] and
then we can apply the inductive hypothesis to the path Zr → · · · → Z2 because τ Z1 6' Z3 and it is a sectional path,
yielding that none of the Zi is indeed projective. 
1.9
The next lemma shows that if an irreducible morphism has a sectional bypass, then it has infinite left and right
degrees.
Lemma. Let A be an artin algebra and f : X → Y be an irreducible morphism between indecomposable modules
and having a sectional bypass X
g1→ Y1 g2→ Y2 g3→ · · · → Ym−1 gm→ Y in ΓA. Then dl( f ) = ∞ and dr ( f ) = ∞.
Proof. Suppose that dl( f ) < ∞. By the previous lemma we then infer that X, Y and the modules Yi , for
i = 1, . . . ,m − 1, are not projectives. On the other hand, since f is irreducible, there exists an irreducible morphism
τY → X . We then have a path
τ X → τY1 → · · · → τYm−1 → τY → X → Y1 → · · · → Ym−1 → Y
which is sectional because τ X 6' τYm−1 and τY1 6' τY by our hypothesis that Ym−1 6' X and Y1 6' Y . Applying now
the previous lemma to this path, we then infer that also τ X, τY1, . . . , τYm−1, τY are not projective modules. Iterating
this process, we shall obtain an infinite sectional path of the form
· · · → τ kX → τ kY1 → · · · → τ kYm−1 → · · · τY → X → Y1 → · · · → Ym−1 → Y.
On the other hand, Ym−1 ⊕ X is a summand of the domain of the minimal right almost split morphism ending at Y ,
a contradiction to [11] (Corollary on p. 35) that the left degree of f is finite. Therefore, dl( f ) is infinite. Dualizing
Lemma 1.8, we obtain the corresponding result for the right degree of f . 
1.10
Lemma. Let A be an artin algebra and let
X1
f1→ X2 f2→ X3 → · · · → Xn−1 fn−1→ Xn fn→ Xn+1
be a path of irreducible morphisms with zero composite. Suppose there exists a non-zero morphism ϕ j : X j → X j in
R(X j , X j ), for some j ∈ {1, . . . , n} such that fn · · · f jϕ j f j−1 . . . f1 6= 0. Then h j = f j + f jϕ j : X j → X j+1 is
irreducible and the composite h = fn · · · f j+1h j · · · f1 is non-zero and belongs to Rn+2(X1, Xn+1). Moreover, if the
X i ’s belong to a convex generalized standard component of ΓA then h ∈ Rt (X1, Xn+1) \Rt+1(X1, Xn+1), for some
t > n.
Proof. Assume that h j = f j + f jϕ j is not irreducible. Then, h j ∈ R2(X j , X j+1). Moreover, since f jϕ j ∈
R2(X j , X j+1), then f j = h j − f jϕ j ∈ R2(X j , X j+1), a contradiction to 1.4. Therefore, h j is irreducible and
the composite
h = fn · · · f j+1h j · · · f1 = fn · · · f jϕ j f j−1 . . . f1 6= 0
since, by hypothesis, fn · · · f1 = 0.
Now, if the modules X i ’s belong to a convex generalized standard component of ΓA, then clearly h ∈
Rn+k(X1, Xn+1) \Rn+k+1(X1, Xn+1) for some integer k ≥ 1. 
1.11
We shall finish this section with the following example.
Example. Let A be the hereditary algebra of type A˜13 given by the quiver
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Consider the irreducible morphism f : P4 → P1. Clearly, there exists a sectional path P4 → P3 → P2 → P1 and
then, by Lemma (1.9), both left and right degrees of f are infinite.
2. Almost sectional paths and the main results
2.1
In this section, we shall define the almost sectional paths and prove our main results.
Definition. Let ξ : X1 → X2 → · · · → Xn → Xn+1 be a non-sectional path in ΓA of length n ≥ 2. We say that
ξ is a left almost sectional path provided X1 → X2 → · · · → Xn−1 → Xn is sectional. Dually, ξ is a right almost
sectional path provided X2 → X3 → · · · → Xn → Xn+1 is sectional.
Observe that if ξ : X1 → X2 → · · · → Xn → Xn+1 is a left almost sectional path, then τAXn+1 ' Xn−1 and if it
is a right almost sectional path, then τAX3 ' X1. The next lemma will be very useful in our considerations.
2.2
Lemma. Let A be an artin algebra and ξ : X1 → · · · → Xn → Xn+1 (n ≥ 2) a path in ΓA such that
X1 → · · · → Xn is sectional, α′(X i ) ≤ 2 for i = 1, . . . , n − 1 and the modules X1, . . . , Xn−1 are not injective. If
there are irreducible morphisms hi : X i → X i+1 for i = 1, . . . , n such that hn . . . h1 ∈ Rn+1(X1, Xn+1) then there
exists a configuration of almost split sequences as follows:
with α′(X1) = 1 and α′(X i ) = 2, for i = 2, . . . , n−1, and irreducible morphisms fi : X i −→ X i+1, for i = 2, . . . , n,
such that:
(a) The path ξ is left almost sectional.
(b) dl(hn) = n − 1 and dr (h1) = 1.
(c) If µ ∈ Rk(X1, Y ) with Y ∈ ind A and k ≤ n− 1, then µ = ϕ fk . . . f2h1 where ϕ : Xk+1 → Y is an isomorphism
if and only if µ 6∈ Rk+1(X1, Y ).
(d) If µ ∈ R(X1, Y ) with Y ∈ ind A and the modules X2, . . . , Xk are not isomorphic to Y for k ≤ n, then
µ ∈ Rk(X1, Y ) and µ = ϕ fk . . . f2h1 where ϕ : Xk+1 → Y.
(e) If Xn−1 is not isomorphic to X1, . . . , Xn−3 and η ∈ R2(Xn, Xn+1) then the morphism η fn−1 . . . f2h1 : X1 →
Xn+1 is of the following form:
η fn−1 . . . f2h1 = fnρ fn−1 . . . f2h1
with ρ ∈ R(Xn, Xn).
C. Chaio et al. / Journal of Pure and Applied Algebra 212 (2008) 244–261 249
Proof. Since, by hypothesis, hnhn−1 . . . h1 ∈ Rn+1(X1, Xn+1), then a path of the form X1 → X2 → · · · → Xn →
Xn+1 is non-sectional. Also by hypothesis, the path X1 → X2 → · · · → Xn is sectional and then by definition it is a
left almost sectional path, and we get (a). Observe also that Xn−1 ' τ Xn+1.
Since X1 → · · · → Xn−1 → Xn is a sectional path, then hn−1 . . . h1 6∈ Rn(X1, Xn). Moreover, by the definition
of degree, we infer that dl(hn) ≤ n − 1. Since now α′(X i ) ≤ 2 for i = 1, . . . , n − 1, to show that there exists a
configuration of the form (∗) it is enough to prove that α′(X1) = 1. Suppose that α′(X1) = 2. Since h1 : X1 → X2 is
an irreducible morphism, there exists an almost split sequence of the form
0→ X1 (g1h1)
t
→ Y1 ⊕ X2 (t1g2)→ τ−1X1 → 0.
If n = 2 then we have the following configuration:
Y1
g1↗ t1↘




where dl(g1) < dl(g2) ≤ 1, a contradiction. Otherwise, n > 2, and since X2 is not injective, g2 : X2 → τ−1X1 is an
irreducible morphism and X3 6' τ−1X1. Therefore, we have an almost split sequence of the form
0→ X2 (g2, f2)
t
→ τ−1X1 ⊕ X3 (t2g3)→ τ−1X2 → 0.
Iterating this argument over each non-injective X i and since α(X i ) ≤ 2 and X1 → X2 → · · · → Xn−1 → Xn is a
sectional path, we obtain the following configuration:
where fn : Xn → Xn+1 is an irreducible morphism with dl( fn) = dl(hn) ≤ n − 1, by [11] (Corollary on p. 36). On
the other hand, by [11], dl(g1) < · · · < dl(gn−1) < dl( fn) ≤ n − 1, and we obtain that dl(g1) = 0, a contradiction.
Therefore, α′(X1) = 1.
We shall now prove (b). Since α′(X1) = 1, h1 is an injective minimal left almost split morphism, and by [11]
(Proposition 1.12), dr (h1) = 1. On the other hand, since dl( fn) ≤ n − 1 and
τ−1X1 → τ−1X2 → · · · → τ−1Xn−2 → τ−1Xn−1 ' Xn+1
is a sectional path of length n− 2 in ΓA, where n ≥ 1 and Xn ⊕ τ−1Xn−2 is the middle term of (Xn+1), then by [11]
(Proposition 1.6), dl( fn) > n − 2. Therefore, dl( fn) = n − 1, and the proof of (b) is completed.
Let us now prove (c). Let then µ ∈ Rk(X1, Y )with Y ∈ ind A and k ≤ n−1 and let us prove that µ = ϕ fk . . . f2h1
with ϕ : Xk → Y . Since h1 is a minimal left almost split map and µ is not a split monomorphism, then there exists
a morphism ϕ1 : X2 → Y such that µ = ϕ1h1. If k = 1, then we are done. If k > 1, the morphism ϕ1 is clearly
a non-isomorphism; otherwise h1 ∈ R2(X1, X2), a contradiction to the fact that h1 is irreducible. Applying now the
same argument to the minimal left almost split map of ′(X2), we get that there exist morphisms ϕ2 : X3 → Y
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and ϕ′2 : τ−1X1 → Y such that ϕ1 = ϕ′2g2 + ϕ2 f2. Then, µ = ϕ2 f2h1 because gh1 = 0. Moreover, ϕ2 is not an
isomorphism, since otherwise, f2h1 = ϕ−12 µ1 ∈ R3(X1, X3), a contradiction to the fact that f2h1 is the composite
of morphisms lying in a sectional path. Applying this argument successively to the minimal left almost split maps of
′(X i ), for i = 3, . . . k, we will have that µ = ϕ fk . . . f2h1, where ϕ : Xk → Y is an isomorphism if and only if
µ 6∈ Rk+1(X1, Y ). This shows (c).
The proof of (d) is similar to that of (c), using the fact that X i 6' Y for i = 2, . . . , k − 1.
Finally, let us prove (e). By (a), we have that dl( fn) = n − 1. Consider now η ∈ R2(Xn, Xn+1). Then η is not
a split epimorphism and since ( fn, tn−1) : Xn ⊕ τ−1Xn−2 → Xn+1 is a minimal right almost split map, there exist
morphisms ϕn : Xn → Xn and ϕ′n : Xn → τ−1Xn−2 such that η = fnϕn + tn−1ϕ′n . The morphism ϕ′n is not an
isomorphism, because Xn 6' τ−1Xn−2 since the path X1 → X2 → · · · → Xn is sectional. Moreover, ϕn : Xn → Xn
is not an isomorphism because otherwise, fn = (η − tn−1ϕ′n)ϕ−1n ∈ R2(Xn, Xn+1), a contradiction to the fact that
fn is irreducible. Iterating this argument, we have that ϕ′n = gn−1ϕn−1 + tn−2ϕ′n−1, where ϕn−1 : Xn → Xn−1 and
ϕ′n−1 : Xn → τ−1Xn−3. The morphism ϕ′n−1 is not an isomorphism, since otherwise Xn ' τ−1Xn−3 and the path
Xn ' τ−1Xn−3 → τ−1Xn−2 → Xn+1 ' τ−1Xn−1 would be a sectional bypass of fn . Then, by 1.9, dl( fn) = ∞,
an absurdity. Since by hypothesis, X i is not isomorphic to Xn−1 for i = 1, . . . , n − 3, using an argument similar
to the one applied in the step above, we shall prove that there exist non-isomorphisms ϕ′i+2 : Xn → τ−1X i , for
i = 1, . . . , n − 4. Hence, η can be expressed as a sum
η = fnϕn + tn−1gn−1ϕn−1 + tn−1tn−2gn−2ϕn−2 + · · · + tn−1 . . . t1g1ϕ1.
Moreover, by the relations given by the almost split sequences (τ−1X i )we have that η can be written in the following
way:
η = fnϕn + fn fn−1ϕn−1 + fn fn−1 fn−2ϕn−2 + · · · + fn fn−1 . . . f2ϕ1.
Therefore, composing it with the morphisms fn−1 . . . f2h1 we will have that η fn−1 . . . f2h1 can be written as the sum
fnϕn fn−1 . . . f2h1 + fn fn−1ϕn−1 fn−1 . . . f2h1 + · · · + fn fn−1 . . . f2ϕ1 fn−1 . . . f2h1.
Writing ρn = ϕn, ρn−1 = fn−1ϕn−1, . . . , ρ1 = fn−1 . . . f2ϕ1ϕn−1 we obtain that η fn−1 · · · f2h1 =
fnρ fn−1 · · · f2h1, where ρ = ρ1 + · · · + ρn ∈ R(Xn, Xn) and the proof is completed. 
2.3
If we further assume that the algebra is a finite dimensional algebra over an algebraically closed field, we get the
following result.
Lemma. Let A be a finite dimensional k-algebra where k is an algebraically closed field, and ξ : X1 → X2 → · · · →
Xn → Xn+1 (n ≥ 2) a path in ΓA such that X1 → X2 → · · · → Xn is sectional, α′(X i ) ≤ 2 for i = 1, . . . , n−1 and
the modules X1, . . . , Xn−1 are not injectives. If there are irreducible morphisms hi : X i → X i+1 for i = 1, . . . , n
such that hn . . . h1 ∈ Rn+1(X1, Xn+1) then there exists a configuration of almost split sequences as follows:
where the arrows in the path X1 −→ · · · Xn −→ Xn+1 have trivial valuations.
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Proof. It remains only to prove that the arrows X i → X i+1 for i = 1, . . . , n have trivial valuations. Since k is an
algebraically closed field then all the division rings TX = End(X)/R(X, X)with X indecomposable are isomorphic to
k. Given an arrow X → Y , its valuation is given by the dim Irr(X, Y ) as vector spaces over T opX and TY , respectively,
and then they are all of the form (n, n). By [11] (Lemma 1.7), we know that if an arrow X → Y in ΓA of finite left
(or right) degree with valuation (a, b) we have that a = 1 or b = 1. Hence, the arrow Xn → Xn−1 has valuation one.
Moreover, since
dimk Irr(X i , X i+1) = dimk Irr(τ X i+1, X i )
the arrow τ Xn−1 → Xn also has valuation one. Since the morphisms gi , for i = 1, . . . , n−2, are of finite left degree,
it is clear that the arrows X i → τ X i+1, for i = 1, . . . n, have trivial valuations and then, also the arrows X i → X i+1,
for each i = 1, . . . n. 
2.4
We shall now state and prove our main result.
Theorem. Let A be an artin algebra and X1 → X2 → · · · → Xn → Xn+1 be a left almost sectional path in ΓA,
where n ≥ 2, X i not injective, α′(X i ) ≤ 2 for i = 1, . . . , n − 1 and Xn−1 not isomorphic to X i for i = 1, . . . , n − 3.
Then, the following conditions are equivalent:
(a) There are irreducible morphisms h1 : X1 → X2, . . . , hn : Xn → Xn+1 such that hn . . . h1 6= 0 and
hn . . . h1 ∈ Rn+1(X1, Xn+1).
(b) There exist a path X1
h1→ X2 f2→ X3 → · · · → Xn fn→ Xn+1 in ΓA, with fn · · · f2h1 = 0, an indecomposable
module M 6' Xn and morphisms ϕ1 : X1 → M and ϕ2 : M → Xn+1 such that ϕ2ϕ1 6= 0, ϕ1 ∈ Rn(X1,M) and
ϕ2 ∈ R(M, Xn+1).
(c) There exist a path X1
h1→ X2 f2→ X3 → · · · → Xn fn→ Xn+1 in ΓA, with fn · · · f2h1 = 0, an indecomposable
module M and morphisms ϕ1 : X1 → M and ϕ2 : M → Xn+1 such that ϕ2ϕ1 6= 0, ϕ1 ∈ Rn(X1,M) and
ϕ2 ∈ R(M, Xn+1).
(d) There exist a path X1
h1→ X2 f2→ X3 → · · · → Xn fn→ Xn+1 in ΓA, with fn · · · f2h1 = 0, and a morphism
ϕn : Xn → Xn which is not an isomorphism such that fnϕn fn−1 . . . h1 6= 0.
Proof. Suppose there exist n irreducible morphisms hi : X i → X i+1 with a non-zero composite in Rn+1(X1, Xn+1)
and let us prove that the conditions of (b) hold. By Lemma 2.2, there exist paths in the following configuration:
with fn · · · f2h1 = 0.
Firstly, suppose that hn . . . h1 ∈ Rn+l(X1, Xn+1) \ Rn+l+1(X1, Xn+1), for some l ≥ 1. By 1.5, there exists
a path from X1 to Xn+1 in ΓA of length n + l whose composite µ = un+l . . . u1 does not lie in Rn+l+1. Then
ϕ1 = un . . . u1 ∈ Rn(X1,M) where M is the codomain of un and ϕ2 = un+l . . . un+1 ∈ R(M, Xn+1). Since
ϕ2ϕ1 = µ 6= 0, it is then enough to show that M 6' Xn . For that, consider the path µ1 = un−1 . . . u1 from X1 to
the codomain Y of un−1, which belongs to Rn−1(X1, Y ). By Lemma 2.2, we know that µ1 = ϕ fn−1 . . . f1 where
ϕ : Xn → Y is an isomorphism. Hence Y ' Xn . Since un : Y → M is irreducible, it turns out then that M 6' Xn , and
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the claim is proven. Suppose now that hn . . . h1 ∈ R∞(X1, Xn+1). Therefore, by [1] (Proposition 7.4), there exists a
path
X1 = Y1 g1→ Y2 g2→ · · · gn+1→ Yn+2 u→ Xn+1
in ind A, such that g1, . . . , gn+1 are irreducible morphisms, ugn+1 . . . g1 6= 0 and u ∈ R(Yn+2, Xn+1). Since gn+1 is
irreducible, at least one of the modules Yn+1 or Yn+2 is not isomorphic to Xn . Let M be such a module. If M ' Yn+1,
then ϕ1 = gn . . . g1 and ϕ2 = ugn+1 satisfies the claim. Otherwise, if M ' Yn+2 we then choose ϕ1 = gn+1 . . . g1
and ϕ2 = u satisfies the claim.
(b) implies (c) is clear.
Let now h1, f2, . . . , fn be as in (c) and let us prove condition (d). In order to do so, it only remains to prove
that there exists a morphism ϕn : Xn → Xn which is not an isomorphism and such that fnϕn fn−1 . . . h1 6= 0.
Since fn fn−1 . . . h1 = 0 ∈ Rn+1(X1, Xn+1), we infer using Lemma 2.2 that there exists a configuration in
ΓA of the form (∗). Since now ϕ1 ∈ Rn(X1,M) we get by Lemma 2.2(b) that ϕ1 = γn−1 fn−1 . . . h1, where
γn−1 is not an isomorphism and belongs then to R(Xn,M). On the other hand, let us consider the morphism
µ2 = ϕ2γn−1 : Xn → Xn+1. Hence, µ2 ∈ R2(Xn, Xn+1). By the above lemma, we have that µ2 fn−1 . . . f2h1
can be expressed as
µ2 fn−1 . . . f2h1 = fnρ fn−1 · · · f2h1
with ρ ∈ R(Xn, Xn). Since µ2 fn−1 · · · f2h1 6= 0, we get (d).
The implication (d)⇒ (a) follows from 1.10. 
3. Consequences
3.1
In this section we will look at some consequences of our main theorem. Clearly, Theorem (2.4) generalizes the
following result proven in [6].
Theorem. Let A be an artin algebra. The following conditions are equivalent for X, Y, Z ∈ ind A.
(a) There are irreducible morphisms h: X −→ Y and h′: Y −→ Z such that the composite h′h is a non-zero morphism
in R3(X, Z).
(b) There exists an almost split sequence 0 → X f−→ Y g−→ Z → 0 and non-isomorphisms ϕ1: X −→ N and
ϕ2: N −→ Z such that N ∈ ind A, N 6= Y , and ϕ2ϕ1 6= 0.
(c) There exists an almost split sequence 0 → X f−→ Y g−→ Z → 0 and a morphism ϕ ∈ R2(Y, Y ) such that
gϕ f 6= 0.
(d) There exists an almost split sequence 0→ X f−→ Y g−→ Z → 0 and R4(X, Z) 6= 0.
3.2
The following result is also a direct consequence of Theorem (2.4).
Corollary. Let A be an artin algebra and suppose there exists a left almost sectional path X1 → X2 → · · · → Xn →
Xn+1 in ΓA, where X i is not injective and α′(X i ) ≤ 2 for each i = 1, . . . , n − 1. If there exist irreducible morphisms
hi : X i → X i+1 for i = 1, . . . , n such that hn . . . h1 6= 0 and hn . . . h1 ∈ Rn+1(X1, Xn+1) then there exists a path
X1 → X2 → · · · → Xn → Xn+1 in ΓA with zero composite and R(X1, Xn+1) 6= 0.
3.3
In [6] we proved that the converse of the above corollary holds for the composite of two irreducible morphisms
over a finite dimensional k-algebra (where k is, as usual, an algebraically closed field). In general, however, if n ≥ 3,
the converse does not hold, as can be seen from the next example.
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Example. Let Γ be a standard tube of rank 1:








It is not difficult to see that the path X1
f1→ X2 f2→ X3 f3→ X4 f4→ X3 in Γ satisfies the hypothesis of our
main theorem. Consider now the ray corresponding to the quasi-simple module X1, and observe that the path
X1
f1→ X2 f2→ X3 f3→ X4 f4→ X3 in Γ is zero. Moreover, R(X1, X3) 6= 0 because f2 f1 ∈ R(X1, X3) and f2 f1 6= 0
since it is a sectional path. Since Γ is a standard tube, we can consider its universal cover which is a simply connected
translation quiver (see [3]). Moreover, by [3,8], it is a component with length. Using usual methods on additive
functions, one can show that whatever n, there are no n irreducible morphisms such that its composite is non-zero
and lies inRn+1. There are plenty of examples of algebras whose Auslander–Reiten quivers have regular components
which are homogeneous standard tubes, the easiest one being the tame hereditary algebras.
3.4
Lemma. Let A be a finite dimensional algebra over an algebraically closed field k and Γ be a component of ΓA with
trivial valuation. Let X i ∈ Γ for i = 1, . . . , n + 1. The following conditions are equivalent:
(a) There are irreducible morphisms fi : X i → X i+1, i = 1, . . . , n, with composite fn · · · f1 6∈ Rn+1(X1, Xn+1).
(b) Given irreducible morphisms hi : X i → X i+1, 1 ≤ i ≤ n, one has hn . . . h1 6∈ Rn+1(X1, Xn+1).
Proof. (a)⇒ (b). Suppose there exist irreducible morphisms hi : X i → X i+1 with i = 1, . . . , n with composite
hn . . . h1 ∈ Rn+1(X1, Xn+1). Since Γ is a component of ΓA with trivial valuation and A is a k-algebra then each
irreducible morphism fi is a basis of an Irr(X i , X i+1) view as a k-vector space. Then each irreducible morphism
hi : X i → X i+1 can be written as hi = αi fi+µi where αi ∈ k∗ andµi ∈ R2(X i , X i+1), for each i = 1, . . . , n. In this
way, hn . . . h1 = α fn · · · f1+µ, with α 6= 0 andµ ∈ Rn+1(X1, Xn+1). Therefore, fn · · · f1 = α−1hn . . . h1−α−1µ ∈
Rn+1(X1, Xn+1), which contradicts the hypothesis. Hence hn . . . h1 6∈ Rn+1(X1, Xn+1).
(b)⇒ (a) is clear. 
We observe that the above result does not hold for artin algebras or if the condition of trivial valuation is dropped
(see Example 2.5 [6] for both cases).
3.5
The next result is also consequence of the ones proven in the previous section.
Theorem. Let A be a finite dimensional algebra over an algebraically closed field and let X1 → X2 → · · · →
Xn → Xn+1 be a left almost sectional path where n ≥ 2, X i is not injective, α′(X i ) ≤ 2 for i = 1, . . . , n − 1,
Xn+1 is not isomorphic to X2, . . . , Xn−1 and Xn−1 is not isomorphic to X1, . . . , Xn−3. The following conditions are
equivalent:
(a) There are irreducible morphisms hi : X i → X i+1 for i = 1, . . . , n such that hn . . . h1 6= 0 and hn . . . h1 ∈
Rn+1(X1, Xn+1).
(b) There exists a path X1 → X2 → · · · → Xn → Xn+1 with zero composite and R(X1, Xn+1) 6= 0.
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Proof. By 3.2 and 2.3 it only remains to prove that (b) implies (a). Suppose (b) holds. Then there exist paths
as in the statement of 2.2. Consider now a non-zero morphism ϕ ∈ R(X1, Xn+1). Since Xn+1 is not isomorphic
to X2, . . . , Xn−1, by Lemma 2.2(d) we infer that ϕ ∈ Rn−1(X1, Xn+1). Using now Lemma 2.2(c), we have
that ϕ = ϕn fn−1 . . . h1 with ϕn : Xn → Xn+1 which is not an isomorphism because Xn 6' Xn+1. If ϕn is
irreducible, since the left degree is finite, then by the Lemma 2.3, we have that dimkIrr(Xn, Xn+1) = 1. Writing
now hn = ϕn = α fn + µ with α ∈ k∗ and µ ∈ R2(Xn, Xn+1) and hi = fi for each i = 2, . . . , n − 1 we have
0 6= ϕ = ϕn fn−1 . . . h1 = hn−1 . . . h1 = α fn · · · h1 + µ fn−1 . . . h1 ∈ Rn+1(X1, Xn+1) because µ ∈ R2(Xn, Xn+1).
On the other hand, if ϕn ∈ R2(Xn, Xn+1) we can now use Lemma 2.2(e) and write
0 6= ϕ = fnρ fn−1 . . . f2h1
where ρ ∈ R(Xn, Xn). This proves the result. 
4. Quasi-wings
4.1
In this section, we shall apply our main results for some components containing a particular subquiver, called a
wing.
Definition. A quasi-wing is a configuration of almost split sequences of the form
where m ≥ 2, n ≥ 2, α(W1,1) = 1, α(Wm−1,n−1) = 1, W2, j = τ−1W1, j−1, for j = 2, . . . , n, and Wi,n =
τ−1Wi−1,n−1, for i = 2, . . . ,m.
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The paths of irreducible morphisms
W1,1 → W1,2 → W1,3 → · · · → W1,n−1 → W1,n
and
W1,n → W2,n → W3,n → · · · → Wm−1,n → Wm,n
corresponding to the sectional path starting at W1,1 and ending at W1,n , and to the sectional path starting at W1,n and
ending at Wm,n , respectively, will be called the borders of the quasi-wing.
Observe that wings of type An in the sense of [13], are a particular case of quasi-wings, and can be found in
regular components of type ZA∞ or in tubes. The quasi-wings can be found in the Auslander–Reiten quivers of many
representation-finite algebras as can be seen in the following example.
Example. Let A be the representation-finite algebra given by the following quiver:
bounded by the relations βα = 0 and δγ = 0. The Auslander–Reiten quiver of A has a quasi-wing of the form
Since R(P4, I4) 6= 0, then, by the proposition below, we can see that there exist five irreducible morphisms whose
composite is non-zero and lies in R6.
4.2
The following result gives conditions which ensure us the existence of l irreducible morphisms between modules
in the border of a wing of type (∗∗), and with non-zero composite lying in Rl+1.
Proposition. Let A be a finite dimensional algebra over an algebraically closed field. Let Γ be a quasi-wing. Let
W1,1
f1,1→ W1,2 f1,2→ W1,3 → · · · → W1,n−1 f1,n−1→ W1,n
and
W1,n
g1,n→ W2,n g2,n→ W3,n → · · · → Wm−1,n gm−1,n→ Wm,n
be the paths in the borders of the quasi-wing, corresponding to the ray starting at W1,1 and to the coray ending
at Wm,n , respectively. Write f = f1,n−1 · · · f1,1 and g = gm−1,n · · · g1,n . Suppose that Wm,n is not isomorphic to
W1,2, . . . ,W1,n and W1,n is not isomorphic to W2,n, . . . ,Wm−1,n . The following conditions are equivalent:
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(a) There exist irreducible morphisms h1, j : W1, j → W1, j+1 for j = 1, . . . , n − 1 and h′j,n : W j,n → W j+1,n , for
j = 1, . . . ,m − 1, such that
0 6= h′m−1,n . . . h′1,nh1,n−1 . . . h1,1 ∈ Rm+n−1(W1,1,Wm,n)
(b) R(W1,1,Wm,n) 6= 0.
(c) There exists a non-zero morphism ϕ ∈ R2(W1,n,W1,n) such that gϕ f 6= 0.
Proof. (a) implies (b) is trivial.
Let us prove that (b) implies (c). Consider 0 6= ϕ ∈ R(W1,1,Wm,n). By 2.2, we have that ϕ = ϕn f1,n−1 . . . f1,1 =
ϕn f , and so ϕn : W1,n → Wm,n is not a split epimorphism because W1,n 6' Wm,n .
Dually, we have that ϕn = gϕ′n with ϕ′n : W1,n → W1,n . Then ϕ = gϕ′n f 6= 0. Now, if ϕ′n is not an isomorphism,
then ϕ′n satisfies (c), because since W1,n is indecomposable, then one has that ϕ′n ∈ R2(W1,n,W1,n). Otherwise,
since k is algebraically closed, it follows that ϕ′n = α I d + µ with µ ∈ R(W1,n,W1,n) and α ∈ k∗. Moreover, if
µ ∈ R(W1,n,W1,n) \R2(W1,n,W1,n) then µ would be an irreducible morphism from W1,n to W1,n , a contradiction.
Therefore, µ ∈ R2(W1,n,W1,n). Since g f = 0, then ϕ = gµ f 6= 0 and the result is proven.
It remains to show that (c) implies (a). Define the irreducible morphisms h1, j : W1, j → W1, j+1 and h′i,n : Wi,n →
Wi+1,n as follows: h1, j = f1, j for j = 1, . . . , n − 1, h1,n = f1,n + ϕ f1,n and h′j,n = g j,n for j = 1, . . . ,m − 1.
Clearly, its composite is non-zero and belongs to Rm+n−1(W1,1,Wm,n). 
4.3
For the remainder of this section, we shall look at necessary and sufficient conditions for the existence of n
irreducible morphisms between modules of regular components of type ZA∞ or stable tubes, and with non-zero
composite in Rn+1. We shall look at the case when the morphisms lie in a left almost sectional path.
Proposition. Let A be a finite dimensional algebra over an algebraically closed field. Let Γ be a component of type
ZA∞ or a stable tube. For a natural number l, the following conditions are equivalent:
(a) There exists a simple regular module W such that R(W, τ−rW ) 6= 0 for some r, with 1 ≤ r ≤ l.
(b) There exist irreducible morphisms f1, . . . , fl+1 over a left almost sectional path such that fl+1 . . . f2 6∈ Rl+1 and
0 6= fl+1 . . . f1 ∈ Rl+2(W, Y ), where W is a simple regular module and Y is the codomain of fl+1.
Proof. (a)⇒ (b). LetW be a simple regular module such thatR(W, τ−rW ) 6= 0 for some r , with 1 ≤ r ≤ l. Consider
the wing such that W and τ−rW belong to its border. Let W = W1,1 f1→ W1,2 f2→ · · · → W1,r fr→ W1,r+1 be the
sectional path in the border of the wing starting at W and W1,r+1
gr→ W2,r+1 → · · · → Wl,r+1 g1→ Wr+1,r+1 = τ−rW
be the sectional path in the border of the wing ending at τ−rW .
Let us prove now that there exists an irreducible morphism fr+1 : W1,r+1 → W2,r+1 such that fr+1 . . . f1 lies in
a left almost sectional path with non-zero composite lying in Rr+2(W,W2,r+1). By Proposition (4.2), there exists a
non-zero morphism ϕ in R2(W1,r+1,W1,r+1) such that gϕ f 6= 0, where f = fr . . . f1 and g = g1 . . . gr .
Let fr+1 = gr + grϕ. The composite fr+1 . . . f1 is non-zero and belongs to Rr+2(W,W2,r+1). Suppose now that
r < l and let 0 6= ψ = fr+1 . . . f1 ∈ R(W1,1,W2,r+1). We can also assume that Γ is not a homogeneous tube, since
in that case, R(W, τ−lW ) 6= 0 and clearly, there exist l + 1 morphisms. Consider the following diagram:
Let γ be the composite of the morphisms in the ray from W2,r+1 to W2,l+1. Then γ is a monomorphism and so,
γψ 6= 0 and hence R(W1,1,W2,l+1) 6= 0. The result is then a consequence of Theorem (3.5).
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It remains to prove that fl+1 . . . f2 6∈ Rl+1. Without lost of generality, in any case, we can assume that the
morphisms f2, . . . , fl lie over a ray. Hence, by [8] (Proposition 4.9), we know that such irreducible morphisms have
infinite left degree. Therefore, the composite fl . . . f2 ∈ Rl−1(W1,2,W1,l+1) but is not in Rl(W1,2,W1,l+1). If we
assume that fl+1 . . . . f2 ∈ Rl+1 then dl( fl+1) ≤ l − 1, which is a contradiction, because dl( fl+1) = l. Hence, there
exist l + 1 irreducible morphisms f1, . . . , fl+1 with the required property. This finishes the proof of (a)⇒ (b).
(b) ⇒ (a). Suppose that f1, . . . , fl+1 satisfy condition (b) and let 0 6= ψ ∈ R(W,W2,l+1). Let, as before,
gl−1, . . . , g1 be the morphisms of the coray starting at W2,l+1.
If gl−i . . . gl−1ψ = 0 and 0 6= θ = gl−i+1 . . . gl−1ψ then θ factors through ker(gl−i ). Moreover, by [1,13],
ker(gl−i ) ' τ−rW for some r < l. Then, R(W, τ−rW ) 6= 0. 
4.4
With the same techniques as were used in the case for two irreducible morphisms (see [6] (Theorem 4.4)), one can
show the following generalization.
Theorem. Let A be a tilted algebra over an algebraically closed field. The following conditions are equivalent:
(a) For each n ≥ 2, there exist n irreducible morphisms hi : X i → X i+1 with X i ∈ ind A for i = 1, . . . , n
such that hn . . . h1 6= 0 and hn . . . h1 ∈ Rn+1(X1, Xn+1) with hn . . . h2 6∈ Rn+1(X2, Xn+1) and hn−1 . . . h1 6∈
Rn+1(X1, Xn).
(b) There exist irreducible morphisms h : X → Y and h′ : Y → Z with X, Y, Z ∈ ind A such that h′h 6= 0 and
h′h ∈ R3(X, Z).
(c) A is wild.
5. Components with α(Γ ) ≤ 2
5.1
In this section, we shall consider finite dimensional algebras over algebraically closed fields for which their
Auslander–Reiten quivers have components Γ satisfying α(Γ ) ≤ 2. It is easy to find such components, for instance
the components of the AR-quiver for string algebras (see [4]).
Given an irreducible morphism hn of left degree n − 1 we shall present necessary and sufficient conditions for the
existence of n − 1 irreducible morphisms, say hi , 1 ≤ i ≤ n − 1, between modules in Γ and such that the composite
hnhn−1 . . . h1 is a non-zero morphism lying in Rn+1. We start by proving some lemmas.
Lemma. Let A be a finite dimensional k-algebra where k is an algebraically closed field and let Γ be a component
of ΓA satisfying α(Γ ) ≤ 2. Let f : X → Y be an irreducible morphism, with X, Y ∈ Γ . Then, dl( f ) = n − 1 if and
only if there exist paths in the following configuration:
where δ : τY1 f1→ τY2 f2→ · · · → τYn−1 fn−1→ X is a sectional path of length n − 1 such that f δ = 0 and α(τY1) = 1.
Moreover, dl(gi ) = i for i = 1, . . . , n − 2.
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Proof. Let f : X → Y be an irreducible morphism. If dl( f ) = 1 then, by [11], Y is not projective, there exists an
almost split sequence
0→ τY g−→ X f−→ Y → 0
and the morphism g lies in the wanted sectional path. If dl( f ) = n − 1 > 1, then Y is not projective and α(Y ) = 2.
Let
0→ τY (gn−2 fn−1)
t
−→ Yn−2 ⊕ X ( f
′ f )−→ Y → 0
be the almost split sequence (Y ). By [11], the irreducible morphism gn−2 : τY → Yn−2 is such that dl(gn−2) <
dl( f ) = n − 1. Then Yn−2 is not projective. If the middle term of (Yn−2) is not indecomposable, we have the almost
split sequence
0→ τYn−2 (gn−3 fn−2)
t
−→ Yn−3 ⊕ τY
( f ′n−2gn−2)−→ Yn−2 → 0
with dl(gn−3) < dl(gn−2). Iterating this procedure we end up with an almost split sequence (τYn−r ) with an
indecomposable middle term. In this way, we get paths in ΓA as follows:
Since A is a finite dimensional k-algebra and the irreducible morphisms gi are of finite left degree for i =
n − 1, . . . , n − r , then the indecomposable summands of the middle term of (Yi ) are non-isomorphic. Then
fn−r , . . . , fn−1 lies in a sectional path from τYn−r to X . Write δr = fn−r . . . fn−1. Hence f δr = 0. It remains
now to prove that δr has length n − 1. Clearly, its length is less than or equal to n − 1, because dl(gn−r ) < · · · <
dl(gn−2) < dl( f ) = n − 1 and dl(gi ) ≥ 1 for i = 1, . . . , n − r . It cannot be smaller than n − 1 because otherwise
dl( f ) < n− 1 given that δr ∈ Rr (τYn−r , X) \Rr+1(τYn−r , X) and f δr = 0 ∈ R∞(τYn−r , Y ). Then, r = n− 1 and
the claim is proven.
For the reciprocal, assume there exists paths as in (∗) and such that f δ = 0, where δ : τY1 f1→ τY2 f2→ · · · →
τYn−1
fn−1→ X is a sectional path of length n − 1, then dl( f ) ≤ n − 1. Moreover, since Y1 → Y2 → · · · → Yn−1 ' Y
is a sectional path of length n − 2 and Yn−2 ⊕ X is the middle term of (Y ) then by [11] (Proposition 1.6) we have
that dl( f ) > n − 2. Hence, dl( f ) = n − 1. 
5.2
The next result is a consequence of [11] (Lemma 1.2), when we consider components Γ of ΓA with α(Γ ) ≤ 2.
Lemma. Let A be a finite dimensional algebra over an algebraically closed field and let Γ be a component of ΓA
satisfying α(Γ ) ≤ 2. Let f : X → Y be an irreducible morphism in Γ with dl( f ) = n > 1 and let g : M → X, with
M ∈ Γ , not lying in Rn+1(M, X), and such that f g ∈ Rn+2(M, Y ). If
0→ τY (hh
′)t→ X ⊕ Z ( f f
′)→ Y → 0
is the almost split sequence (Y ), then there exists a path γ : M → M1 → · · · → Mn = τY of length n − 1 in ΓA,
with γ 6∈ Rn(M, τY ), h′γ = 0, hγ 6= 0 and such that hγ + g ∈ Rn+1(M, X). Moreover, f hγ = 0.
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Proof. We shall prove the result by induction on n. Suppose first that dl( f ) = 2 and so g 6∈ R3(M, X) and f g ∈
R4(M, Y ). By [11] (Lemma 1.2), there exists a morphism q : M → τY such that q 6∈ R2(M, τY ), h′q ∈ R3(M, Z)
and hq + g ∈ R3(M, X). We claim that q is not an isomorphism. In fact, otherwise, since h′q ∈ R3(M, Z), h′q = µ
and hence h′ = µq−1 ∈ R3(M, Z), a contradiction to h′ being an irreducible morphism between indecomposable
modules. Then, q ∈ R(M, τY ) \ R2(M, τY ) and since M and τY are indecomposable modules, then q should be
irreducible. By [6] (Lemma 2.1), since h′q ∈ R3(M, Z) there exists an irreducible morphism q ′ : M → τY such that
0 → M q
′
→ τY h′→ Z → 0 is an almost split sequence, and so h′q ′ = 0. Moreover, since (h, h′)t is injective, then
hq ′ 6= 0 and also dr (q ′) = 1 = dr (q).
It remains to prove that hq ′ + g ∈ R3(M, τY ). Since hq + g ∈ R3(M, τY ) and q = αq ′ + µ, because
dr (q) = 1, where µ : M → τY is a morphism in R2(M, τY ) and α ∈ k∗ then hq + g = h(αq ′ + µ) + g =
hαq ′+ hµ+ g ∈ R3(M, τY ). Hence αhq ′+ g ∈ R3(M, τY ) because hµ ∈ R3(M, τY ). Moreover, if γ1 = αq ′ then
hγ1 + g ∈ R3(M, τY ). Hence, the result is true for n = 2.
Suppose now that for any irreducible morphism t ′ : τ Z → Z ′ with dl(t ′) = n−1 it holds that if q 6∈ Rn−1(M, τ Z)
and t ′q ∈ Rn+1(M, Z ′), then there exists a path γ : M → · · · → τ Z in Γ such that γ 6∈ Rn−2(M, τ Z),
t ′γ = 0, tγ 6= 0 and tγ + q ∈ Rn+1(M, τ Z). Consider now an irreducible morphism f : X → Y such that
















By [11], there exists a morphism q 6∈ Rn(M, τY ) such that h′q ∈ Rn+1(M, Z) and hq + g ∈ Rn+1(M, X). The
morphism q is not an isomorphism, since otherwise h′ ∈ Rn+1(τY, Z)which contradicts the fact that h′ is irreducible.
Since q 6∈ Rn(M, τY ) and h′q ∈ Rn+1(M, Z) then by the inductive hypothesis, there exists a path γ in Γ from M to
τ Z with γ 6∈ Rn−2(M, τ Z) and such that t ′γ = 0, tγ 6= 0 and tγ + q ∈ Rn(M, τY ). In this way, we get a non-zero
path htγ such that f htγ = 0. It remains to show that htγ + g ∈ Rn+1(M, X). In fact, since hq + g ∈ Rn+1(M, X)
and tγ + q ∈ Rn(M, τY ) then tγ = q + µ with µ ∈ Rn(M, τY ) and hq = g + µ′ with µ′ ∈ Rn+1(M, X). Hence
htγ + hq ∈ Rn+1(M, X) and so htγ + g + µ′ ∈ Rn+1(M, X), with µ′ ∈ Rn+1(M, X). Therefore, one has that
htγ + g ∈ Rn+1(M, X) as required. 
5.3
We are now in condition to prove our main result of this section.
Theorem. Let A be a finite dimensional algebra over an algebraically closed field and let Γ be a component of ΓA
satisfying α(Γ ) ≤ 2. Let hi : X i → X i+1 be irreducible morphisms with X i ∈ Γ for i = 1, . . . , n + 1 such that
hn . . . h1 6= 0, hn . . . h1 ∈ Rn+1(X1, Xn+1) and hn−1 . . . h1 6∈ Rn(X1, Xn) and dl(hn) = n − 1. Then
(a) X1 → X2 → · · · → Xn → Xn+1 is a left almost sectional path.
(b) If Xn−1 6' X i for i = 1, . . . , n − 3 then there exist irreducible morphisms f1 : X1 → X2, . . . , fn : Xn → Xn+1,
such that fn fn−1 . . . f1 = 0 and fn−1 . . . f1 6∈ Rn(X1, Xn) and a morphism ϕ : Xn → Xn in mod A which is
not an isomorphism such that fnϕ fn−1 . . . f1 6= 0.
Proof. (a) We can assume that n ≥ 3, because for n = 2 the result follows from [6]. Let fn = hn . Since dl( fn) = n−1
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then by 5.1 there exist a module M ∈ Γ and paths as follows:
where the path δ : M → τY2 → · · · → τYn−1 → Xn is a sectional path of length n − 1 and such that fnδ = 0.
We now prove that τYn−i ' Xn−i for i = 1, 2, . . . , n − 1. By the previous lemma, since dl( fn) = n − 1,
hn−1 . . . h1 6∈ Rn(X1, Xn) and hn . . . h1 ∈ Rn+1(X1, Xn+1) there exists a path from X1 to τ Xn+1 in ΓA with non-zero
composite γ but such that gn−1γ = 0 and tn−1γ 6= 0. On the other hand, since ( f ′n−2, gn−1)(0, γ )t = 0, there exists
a non-zero morphism γ1 : X1 → τYn−2 such that (gn−2, tn−2)tγ1 = (0, γ1)t , that is, gn−2γ1 = γ and tn−2γ1 = 0.
Moreover, γ1 is not an isomorphism, since otherwise gn−2 ∈ Rn−1, a contradiction to the fact that it is an irreducible
morphism between indecomposable modules. Applying this argument successively we get that γ = βtn−2 . . . t1.
Since γ ∈ Rn−2(X1, τ Xn+1) \ Rn−1(X1, τ Xn+1) then β : X1 → τY1 is an isomorphism. Therefore, X1 ' τY1.
Consider now the sectional path γ ′ = tn−2 . . . t1. Observe that the path tn−1tn−2 . . . t1 is also sectional and it satisfies
that tn−1γ ′ 6= 0 and fnγ ′ = 0. Moreover, by the previous lemma, tn−1γ ′ + tn−1 . . . t1 ∈ Rn(X1, Xn). We claim that
Xn−1 ∼= τ Xn+1, since otherwise we get a contradiction to [10] (Lemma 13.1). Repeating this argument, we have that
τYn−i ∼= X i−1, for i = 1, . . . , n − 1 as we want to prove. Hence, by Theorem 2.4, we get the result. 
5.4
We have the following easily proven consequence.
Corollary. Let A be a finite dimensional algebra over an algebraically closed field and let Γ be a component of ΓA
such that α(Γ ) ≤ 2. Let hn : Xn → Xn+1 be an irreducible morphism with Xn, Xn+1 ∈ Γ and dl(hn) = n − 1. Let
us have X i ∈ Γ for i = 1, . . . , n − 1 such that X i 6' Xn−1 for i = 1, . . . , n − 3. The following are equivalent:
(a) There exist irreducible morphisms hi : X i → X i+1 for i = 1, . . . , n − 1 such that hnhn−1 . . . h1 6= 0,
hnhn−1 . . . h1 ∈ Rn+1(X1, Xn+1) and hn−1 . . . h1 6∈ Rn(X1, Xn).
(b) There exist irreducible morphisms fi : X i → X i+1, for i = 1, . . . , n − 1 and a morphism ϕ ∈ R(Xn, Xn) such
that hn fn−1 . . . f1 = 0, fn−1 . . . f1 6∈ Rn(X1, Xn) and hnϕ fn−1 . . . f1 6= 0.
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